THE GENERIC DIVISION RINGS

BY
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ABSTRACT

Let A =k (X), X...,X,,) be the division ring generated by generic n x n matrices
over a field k; then A is not a crossed product in the following cases: (i) there
exists a prime g such that g3 | n; (ii) [k:Q] = m, where Q is the field of rationals,
then if either q3]n for some ¢ for which q—llm, or q2|n for some other prime;
(iii) k = Z,. a finite field of p" elements and either g3n for same gqlp"™ 1 or
g2|n for some other primes. Other cases are also considered.

1. The main results

Let k be a field of characteristic p > 0. Denote k[X] = k[X,,X,,-, X,]
(0 2122) the ring generated by n x n generic matrices X, = (é{,,), 1<,
1t < n over k. Here, the set {¢},} are commutative indeterminates over k. The ring
k[X7] is an Ore domain and has a ring of quotients k(X) which is a division ring
of dimension n? over its center. It was shown in [1] that k(X) is not a crossed
product for k = Q the field of rationals if 8] n or g2 ] n for some odd prime g.
Following [1], Small and Schacher have proved in [2] that if q3 | n for a prime q
then the same holds if k is of characteristic zero or of p of transcendence degree
2 1 over the prime field of p elements, and (p,n) = 1.

In the present paper we study further the problem when k(X) is not a crossed
product and we prove Theorem 1.

THEOREM 1. i. Ifkisafield of algebraic numbers, and [k: Q] = m then k(X)
is not a crossed product if either q3|n for a prime q such that q —llm, the
degree of k over Q, or ¢* | n for some other prime.

ii. k = Z, a finite field of p" elements and (n,p) = 1, then k(X) is not a
crossed product if q3 | n for some q | p'—1,o0rq? | n for some other prime.
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iii. If there exists a field k for which k(X) is a crossed product then there is a
finite algebraic extension F, of the prime field P (= Q or Z,) such that Fy(X) is
a crossed product and F, depends only on the characteristic (and not on k).

We also take this opportunity to bring two additional results. The first is a
slight generalization of Small-Schacher result [5], namely, Theorem 2.

THEOREM 2. k(X) is not a crossed product in q3|n for some prime, q and
(n,p) = 1 if k is of characteristic p.

This result is a corollary of Theorem 1 (i), (ii) and (iii), but we shall prove this
fact using the construction of [1] without using deep results in algebras and
algebraic extensions of local fields.

The other result is a known fact.

TuEOREM 3.  For arbitrary commutative domain Q, the ring Q[X] is an
Ore domain and its ring of quotient is a central division algebra of domain n>.

This result is attributed to the present author; it is, in fact, proved in an
equivalent form in [2, Th. 3 and 4, p. 472], but at no place does it appear as
stated in Theorem 3. Since this result became fundamental in the construction of
non-crossed products, we present here a complete proof of this result, which is
the reproduction of that proof in the present context.

2. Proof of Theorem 3

The proof of Theorem 3 depends on the following observation.

LeMMA 1. A polynomial identity g[xy,X,,--] = 0 (in non-commutative
indeterminates x,) holds in the matrix ring M (Q) over an infinite commutative
domain Q, if and only if g[X,,X,,---] = O for the substitution x; = X, the
generic matrices.

This is equivalent to the following, which will not be used here.

LemMa 1. Q[X] = Q[x]/M,, where Q[x] is the free ring and M, is the
ideal of all identities of M (Q), for an infinite commutative domain Q.

Indeed, if g[x] = 0 holds in M,(Q) and Q is infinite, then g[x] = 0 holds also
n every M,(K) where K is a commutative ring 2 Q. In particular it will hold for
K = Q[¢], the ring of polynomials in the {&,}. But X,e M, (Q[¢]) and so
g[X] = 0. Conversely, if g[X] = 0 then for any substitution x; = 4, = (aj,) we
have a homomorphism ¢: Q[¢] - M,(Q) by setting é,{',‘—> a;, and this maps
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M, (Q[¢]) into M, (Q); in particular, 0 = ¢(g[X]) = g(4), that is, g[x] =0
holds in M,(Q).

The proof of Lemma 1 is now evident,

Next we need the following result ([4, Lem. 2.1]).

LEMMA 2. Given a field k and an integer n, then there exist a field K= C
and a central division algebra over K of dimension n? (and of exponent n).

An alternative construction of such an algebra will be given in the proof of
Theorem 2.

We turn now to the proof of Theorem 3. Let g[ X, X,, - Jh[X{,X5,-] =0
hold in Q[ X, X5, ---] and let k be the field of quotients of Q. It follows by Lemma 1
that g[x]h[x] = 0 holds in every M,(H) for H commutative =2 Q. In particular,
choose D a division ring of dimension n? over a field K 2 Q (Lemma 2) and H a
splitting field of D; then M,(H) 2 D, and so g[x]h[x] = 0 holds in D. Thus for
every substitution x, = d;e D then g[d]h[d] = 0 and since D is a division ring
then g[d] = 0 or h[d] = 0. This clearly implies that D will also satisfy an identity
g[x]zh[x] = 0 with z a new non-commutative indeterminate. Again, it will
follow that g[x]zh[x] = O holds also in M (H) and hence also in every M (K)
for commutative K 2 Q. In particular this will hold in M, (k(&)) where k(&) is the
field of quotients of k[¢], and so g[XIM (k(&))h[X] = 0. But M, (k(&)) is a
simple ring and so either g[X] = 0 or h[X] = 0.

Finally, Q[x] is a ring satisfying the polynomial identities of M, (Q[¢]) and
hence, applying Posner’s theorem, we obtain the proof of the rest of Theorem 3.
Note that a straightforward proof for the existence of the division ring of quotient
in the case of a domain is given in [3].

3. Proof of Theorem 2

The study of k(X) in [1] was restricted to the case k = Q and it was pointed
out in [5] that the methods work as well for other fields. In particular the con-
struction of [1,Th. 3] and the results of [1, Sect. 1] hold for arbitrary field k of any
characteristic. We shall need the following construction:

A. Given a field k and n = ¢,q, -+ g, a product of different primes (not ne-
cessarily different), then there exists a field K = k and a division ring A4 of dimen-
sion n? over its center K, such that the maximal subfields L of 4 are abelian with
the Galois group ' = S; x S;x --» x §,, S; cyclic of order q;, that is, T is
completely reducible ([1, Th. 3]).

The construction given in [1, Th. 3] will also yield:
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B. Given a field k and an integer n, then there exists a field K = k and a division
algebra D of dimension n? over the center K (of exponent n) such that the maximal
normal subfields of D have a Galois group I" which is a cyclic extension of a cyclic
group, that is, there exists an exact sequence 1 - I"; » I"'>I', — 1 such that both
I'; and T, are cyclic.

Indeed, follow the construction of [1, Sect. 2, p. 412] and take K = k{t, ,t,}
where k is the algebraic closure of the field k. Recall that k{t;,t,} = k{t,}{t,}
where F{t} denotes the field of formal power series in t over F. Let D be the
cyclic cross product (K(t;'™), o, t,). The proof of [1, Th. 3] holds in this case and
one obtains that D is a division algebra with center K of dimension n? (it is not
difficult to show that its exponent is also n). [1, Prop. 2] yields that the algebraic
extensions L of K of degree n are of the form K[z,,t,] where

=1, N =1,
We thus obtain the sequence of fields K <K[z,] = K[1,,71,]. The first field
K[r,] is a cyclic extension of K since 7j'* = ¢, and K contains all roots of unity;
also K[1,,7,] is cyclic over K[7,] since 732 = t,7; "**. Hence, if K[7;,7,] is a
Galois extension of K with the Galois group I, then if I'; be the group of auto-
momorphisms leaving K[z,] invariant then I'; is normal and cyclic and I'/I’; is
also cyclic as the Galois group of K[r,] over K, as required.

We shall also need the following:

C. If k(X) is a crossed product with a group I, then any division ring D of
dimension n? over a center K = k is a crossed product with the same group I

The proof of (C) for k = @ is given in [1, pp. 418-419, starting from line 12],
but the same proof is valid for arbitrary k.

The proof of Theorem 2 is now straightforward. If k(X) is a crossed product of
a group I, then by (A) it follows that I is a completely reducible group. Now
every subgroup and homomorphic image of a completely reducible group is also
completely reducible, and a cyclic group is completely reducible if and only if its
order is a product of different primes. It follows now by (B) that we have
1>, »TF->T,~»1and so n=|I'|=I||T,]| and each |T}| is a product
of different primes, so for a prime divisor q|n at most qzln, which proves
Theorem 2.

We remark that this proof uses only the constructions of [1] and no deeper
results on local or global fields are required (as in [1] and [5]). If the latter is
used, we are able to obtain the stronger results stated in Theorem 1.
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4. Proof of Theorem 1

We need some properties of local fields with finite residue fields, for example,
[6, Chapt. 3]).

Consider first the case p = Q, and let k be an algebraic number field and
(k: Q) = m. Let k = Q(a); we can choose « to be integral and so satisfy a minimal
polynomial g[x] = 0 with integral coefficients. Let d = discriminant of g[x].
Choose a prime p such that (p,n) = 1 and p ¥d and consider the p-adic field Q,,.
Let g[x] = g,[x] - g,[x] be the decomposition of g[x] in Q, into irreducible
factors, and k; = Q,(a;), with ; a root of g,[x] = 0. The field k; is also a complete
ring with respect to a discrete valuation and the residue field %; is a finite field of
p’t elements where g,[x] = h[x]®* (mod p), f; = deg(h[x]), and n; = degg,[x]
= ¢,f;. Furthermore, the field k can be embedded in k; = Q,(«;) by mapping
o - a

The normal abelian extension L of k; of degree n has a group I' of automor-
phisms which have a cyclic inertia group I'y cyclic of degree f, and I' /I’y is cyclic
of degree e with fe = n, and e|(p” — ).

The case f; = 1 is [1, Th. 3]; the proof for arbitrary f; is identical except that
in the case f; = 1, k; = @, and the residue field 0, contains p elements, so the
roots of unity of Q,, satisfy xP~* — 1 = 0. In the general case, the residue field %,
contains p’* — 1 nonzero elements and so x° — 1 = 0 is solvable in k; if and only
if e] -1

Finally, there exists a division algebra B; of dimension n? over the center k;,
thus its maximal abelian subfield has a group of automorphisms I" of the type
described above.

Following the proof of Theorem 2, we observe that if k(X) is a crossed product
of a group T, then I" is completely reducible by (A). It follows also by (C) that
every division algebra of dimension n? over a center 2 k will be a crossed product
with the group I'. Hence the preceding remarks yield that T is a cyclic extension
of a cyclic group and so n = |I'| = |Iy| |[/T;| = fe, and since Ty, T' /Ty are
completely reducible, f and e, each is a product of different primes. Thus if a prime
q, q> | n, then g | e and so g | p’t — 1 for all possible values f; obtained from the
decomposition of g[x]. Note also that m = degg = Ze,f; andso g|p™—1
since p** =1 (@) =1 (mod g).

Summarizing, if k(X) is a crossed product and (k: Q) = m then for q’ln,
q | p™ — 1 for all primes p with the exception of a finite number of primes p. The
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residue classes mod g form a cyclic group of order g — 1; let a be a generator of
this group; then each number a + tq is also a generating class. This class contains
an infinite number of primes, hence there exists a prime p = a + tq whose class
mod g generates the cyclic group of order g. Since we can choose the prime p not
from the exceptional set, p” = 1 (mod ¢) implies that g — 1 |m.

Consequently, if ¢* [ n for a prime g for which g —1 | m or g> I n for some other
prime, then k(X) is not a crossed product. This completes the proof of Theorem 1
@®.

ReEMARK. This includes the case m = 1 which was proved in [1].

The proof of part (ii) of Theorem 1 is similar. We need only replace Q, with
the complete field Zp,{t}, the field of formal power series in ¢ over Z,.. Here the
residue field Z,,.{r} is Z, and so x°* — 1 = 0 is solvable in Z,.{t} for (¢,p) = 1 if
and only if e | D" — 1. Following the proof of (i) we obtain that k(X) is not a crossed
product if ¢*|n for a prime g |p" — 1 or g2|n for some other prime g, which
proves (ii).

To prove (iii), we start with an arbitrary k observing first that if k(X) is a
crossed product of a group I', then

1. ko(X) is also a crossed product with I" for some finitely generated subfield
ko over the prime field P(= Z,- or Q);

2. k(X) is also a crossed product with I" for some finite algebraic extension of
the prime field P.

The first part follows from the condition that k(X) is a crossed product of T
can be stated by a finite number of conditions; namely [1, p. 418, conditions
(G1)«(G4)]. These conditions where stated in [1] for k = Q, but they are valid
for arbitrary k. These conditions involve only a finite number of elements of k;
let ko < k be the subficld generated by the elements involved, then clearly k,
satisfies (1).

To prove (2), we let kg = P(ty,1,, -+, t,) where P is the prime field (that is, Z, or
Q), and note that the conditions (G1)-(G4) of [1, p. 418] plus the additional
requirements that some finite elements listed there of ky(X) are # 0, constitute a
finite set. Hence we can find a specialization of k, into P the algebraic closure of
P, mapping t,— a;& P such that all the preceding conditions will remain valid.
The image of this specialization is, clearly, a finite algebraic extension k, of P
which will satisfy (2), that is, k,(X) is a crossed product with T since (G1)~(G4)
and the other requirements hold in k,(X).
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We now apply (1) and (2) in the following cases. Let P be the algebraic closure
of the prime field P and let F be the algebraic closure of the field of all rational
function in ¥, commutative indeterminates over P. If k(X) is a crossed product
with T, then by (1), ko(X) is a crossed product with I' for some field of finite
transcendence degree over P. Hence k, can be embedded in F and, therefore, (1)
implies that F(X) is also a crossed product with I'. But then (2) yields that there
exist a finite algebraic extension Fy of P such that F,(X) is a crossed product,
and we note that F, depends only on the field F which is fixed by the characteristic
of k. This completes the proof of (iii) of Theorem 1.

REMARK. The degree [F,: P] = m is fixed by the characteristic. Hence we can
use parts (i) and (ii) of Theorem 1 and state the following result.

For arbitrary field k of characteristic p = 0, there exists an integer m (m = p"
for the case p# 0) such that k(X) is not a crossed product if either ¢ I n for a
prime ¢ such that g — L|m if p = 0 or g|m ~1 for p#0, or g*|n for some
other prime gq.

We guess that m = 1 for p = 0,; but as long as we prove that m depends on p
and n, it may be that this result yields no more information than that given in
Theorem 2, since the primes ¢ for which ¢ — 1| m and g |n may include all primes
of n.
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